Abstract: We show three non-linear differential equation models to depict the dynamics of growth of the Aedes aegypti (dengue transmitter) population using a time-dependent developing rate. We proposed a model considering embryonic stages of the vector under adverse environmental conditions, these vectors are able to adapt and remain without biological activity for long-time periods (quiescence). These characteristics allow us to use previously reported parameters in the simulations. In the last model we do not use quiescence in order to compare and figure out the principal differences between these models.
Introduction
Mathematical models used in dengue have contributed on the implementation of strategies against virus propagation, through setting several models involving virus dynamics and vector population growth (Aedes aegypti ).
Without favorable breeding conditions, i.e., in absence of appropriate recipients, fumigation, or eradication, the eggs will not hatch. So then, the A. aegypti eggs can stand in a quiescent state for almost 450 days [3] . Once that these eggs are in contact with water, it is possible to reactive their biological development and they will hatch in about 10 or 15 minutes. Therefore, it is interesting to analyze the effect of quiescence on the population growth of the Aedes aegypti, trying to establish the impact of different strategies applied for the control of early and mature stages of the mosquitoes.
In the 90's it was reported a experimental work in Brazil, the title is "Influência do período de quiescência dos ovos sobre o ciclo de vida de Aedes Aegypti (Linanaeus, 1762) (Diptera, Culicidae) em condições de laboratório" [3] . In that paper it was observed that this effect is highly meaningful in the larvae hatch and his average lifetime, as function of the time they are in quiescence.
The statement "...altamente significativo de quiescencia sobre la eclosión de las larvas" [3] , allow us to consider the viability of a control analysis of the vector using this factor, because it is proved that in this stage the Aedes aegypti has a highest resistance.
Actually, the main efforts to control the population growth of the mosquitoes are focused on the realization of fumigations to eliminate the mature vectors. Also, trying to eliminate the possible breeding places in order to avoid the biological development of new mosquitoes. However, as in the quiescent state the eggs can live for several months in abiotic conditions, it is important to include this parameter into the dynamics of the mosquitoes. Our paper is organized as follows: In section 2 we present the preliminary notes, and in section 3 we display the main conclusions.
Preliminary Notes
To determine the importance of the quiescence phenomenon on the population dynamics of the A. aegypti, we propose three models, the first two models are used to study the quiescence with a constant delay and distributed delay. In the last model we do not use quiescence in order to compare with the previous ones.
Constant delay model
In this model we use three differential ordinary equations to set the dynamics of the Aedes aegypti growth dividing the population of early stages of the mosquitoes in viable eggs y and larvae-pupa z at time t, considering a delaying time τ as the transition time (egg to larvae-pupa).
The dynamics is represented in the following compartmental diagram
Then, the nonlinear system that plays the dynamics is
where x is the average number of mature mosquitoes at time t, y is the average number of viable eggs at time t, z represents the average of immature stages (larvae-pupa) at time t, β is the developing rate of the immature stages transforming to the adult stage, is the mortality rate of the mature mosquitoes, φ is the oviposition rate of the mosquitoes, K the charge capacity of the breeding places, α is the elimination rate of the eggs, θ is the egg-tolarvae transformation rate, τ is defined as the delaying time (time used in the transformation of an egg to larvae-pupa considering quiescence). Finally, δ defines the death rate of the immature stages (larvae-pupa) owed to environmental factors.
The biological sense region of the system is defined in Γ = {(x, y, z) : x, y, z ≥ 0, 0 ≤ y + z ≤ K}, namely, all the non-negative population and the immature stages (egg-larvae-pupa) do not exceed the charge capacity of the environment.
Simulations
For the system showed in equations (1 -3) and using the parameters defined in the table 1, we obtain the simulations presented in the figures 1 and 2. Figure 1 shows that in the first 50 days (delay time to simulate the quiescent phenomenon) the population increase until a specific value, but after the quiescent time the eggs begin to hatch (also the latent-state eggs) generating a decrement in the egg's population but increasing the remaining ones.
In figure 2 we can see that this behavior is repeated every 100 days (that is a whole time period of quiescence, beginning, middle stages, end, beginning) but it tends to stabilize with a fix value after 2200 days approximately.
It is important to mention that the larvae-pupa population is highest than that of the mature population, being a consequence of the larvae-pupa rate transforming to the mature stage, where it is not showed a whole biological development of that population.
Distributed-delay model
The delay time function in the egg stage y, transforming to the larvae-pupa z, is represented as [6] :
And the system is changed to
where
Gamma function using k = 1
In this case
, a > 0 and the system under study is represented as
This system is equivalent to a high order ordinary differential equation system, that results using the substitution [2]
from where
then, we obtain the following system
with initial conditions x(0) = x 0 , y(0) = y 0 , z(0) = z 0 y Q(0) = Q 0 .
Equilibrium points
If we consider the equations (7-10) without population variations, it is obtained a homogeneous system, as follows:
Solving the homogeneous equations,(11) to obtain x, (13) to obtain Q, and (14) for y
Using (15) in (12) we obtain.
And the equilibrium points are obtained solving the previous equation
Using the previous reported parameters showed in the table 1 we acquire E * 1 = (1944, 2431, 1944 ). Table 1 : Previously reported parameters.
Parameters value Reference Parameters value Reference
0.1 [7] φ 6 [1] β 0.1 [1] α 0.2 ----- δ 0.4 [4] θ 0.4 ----- K 5000 -----
Simulations
The corresponding simulations for the system (7-10) using the reported data in the table 1 are depicted in figure 3 . It is clear that the population tends to stabilize for the values E * 1 = (1944, 2431, 1944) (in presence of an equilibrium with coexistence), where the population sizes remain as: mature stages and larvae-pupa < eggs. Different values of the a parameter were used to evaluate the gamma function, the plotted graphics showed a similar behavior. We report the case with a = 0.1. 
System without delay
We set a model with immature stages (larvae-pupa) transforming to the adult stage at constant developing rate, without presence of the quiescence phenomenon, the obtained equations system is:
Equilibrium points
Setting to zero the equations (16-18), we obtain the following system %vspace-1cm
solving (19) to obtain x and (21) for z, we have x = β z z = θ δ + β these equations are equivalent to
Evaluating these results in (17) we have
Equilibrium with no coexistence E 0 = (0, 0, 0) is obtained using y = 0 and also equilibrium with coexistence E 1 , where
this is
and using the parameters reported in the table 1, we obtain E * 1 = (1945, 2431, 1945).
Simulations
The simulations for the system (16-18) using the reported parameters in the table 1 are plotted in figure 4 . We observe that population tends to stabilize immediately in the equilibrium values E * 1 , these values are higher than that of the ones obtained with quiescence.
Main Results
The previous simulations showed that the quiescence phenomenon decreases in the mature and immature (larvae-pupa) population, these results are in good agreement with the ones acquired in Brazil [3] . Those studies showed that even if the quiescence remains for a long time, not all the eggs in a quiescent state are able to hatch and the average lifetime is also affected negatively because of quiescence.
Considering a constant delay, the population tends to stabilize in a oscillatory form by intervals, where, the egg's population is reduced an the remaining ones are increased (and inversely). This fact emulates the quiescence phenomenon on the population dynamics.
The previous statements indicate that control strategies such as, breeding place elimination works to eliminate the places for a future oviposition and helps to diminish the immature stages population, even if the oviposition of the eggs was made.
